A rational elliptic balance method is introduced to obtain exact and approximate solutions of nonlinear oscillators by using Jacobi elliptic functions. To illustrate the applicability of the proposed rational elliptic forms in the solution of nonlinear oscillators, we first investigate the exact solution of the non-homogenous, undamped Duffing equation. Then, we introduce first and second order rational elliptic form solutions to obtain approximate solutions of two nonlinear oscillators. At the end of the paper, we compare the numerical integration values of the angular frequencies with approximate solution results, based on the proposed rational elliptic balance method.
Introduction
In general, the exact solution of nonlinear oscillatory systems are unknown and hence, numerical integration, perturbation methods and nonperturbative techniques have been applied to obtain their approximate solutions. These methods are discussed in a great many papers, so we shall not elaborate further. See [1] [2] [3] [4] [5] , for example. Many additional references dealing with different approaches for approximating solutions to nonlinear oscillatory systems are provided in these articles. Here we introduce an approach based on rational Jacobi elliptic functions to obtain exact and approximate solutions of strongly nonlinear oscillators by following a procedure similar to that of the rational harmonic balance method that provides a general framework for determining higher order corrections [6] . Mickens and Semwogerere showed that the rational harmonic balance functional form has Fourier coefficients that decrease exponentially [7] . They also concluded that the rational harmonic balance representation should provide accurate results for oscillators of the form
with initial conditions
where x is the system displacement, and f (x) is the restoring force. Sarma and Rao introduced a modified rational form to consider mixed-parity restoring forces for the Duffing equation and found good agreement between approximate and exact angular frequency values [8] . In accordance with these results, Mickens concluded that the inappropriate choice of the rational form can lead to large errors in the determination of the angular frequency for periodic solutions of Eq. (1) [7] .
On the other hand, Beléndez et al. in [9] assumed that f (x) is an odd function and used a rational form x(τ ) = x 10 (1 + c 0 ) cos τ 1 + c 0 cos 2τ ,
to solve Eq. (1) . Here, τ = ωt and c 0 is an undetermined constant that need to be determined by applying the rational harmonic balance method and must satisfied the condition |c 0 | 1. In an attempt to provide better solution methodology, Beléndez et al. used a modified rational harmonic balance method to solve the Duffing oscillator by introducing the new independent variable τ to ensure that the solution of Eq. (1) is a periodic function of τ with period 2π with results that agree well with the exact solution [10] .
In this paper we do not introduce a new independent variable for (1) however, we consider that f (x) can be either an odd or even function of x and use rational form solutions based on Jacobi elliptic functions instead of trigonometric ones [11] . The main motivation for this assumption comes from the fact that the mixed-parity Helmholtz-Duffing oscillator:
has an exact solution of the form [12] x(t) = a − b + c(a + b)cn(ωt + φ, k 2 )
Here, A, B 1 , ε, and D 1 are system constant parameters, cn (ωt + φ, k 2 ) is the cn Jacobian elliptic function that has a period in ωt equal to 4K (k 2 ), and K (k 2 ) is the complete elliptic integral of the first kind for the modulus k, ω is the frequency of oscillation, φ, a, b, and c are unknown constants that are determined by substituting Eq. (5) into Eq. (3) and by using the initial conditions (3) . The solution of Eq. (4) is discussed in detail in [12] therefore, we shall not elaborate any further on it.
Exact solution based on rational Jacobi elliptic forms
Since the aim of this paper is to obtain approximate solutions of nonlinear oscillators based on the usage of rational Jacobi elliptic forms, we first investigate the solution of the non-homogeneous Duffing equation that describes the free vibrational motion of a vehicular body supported by rubber shear mountings with quadratic response [13, 14] :
Here the dots denote the derivative with respect to t, x represents the system displacement, ε is a nonlinear material parameter and F 0 is a constant. We next assume that the exact solution of Eq. (6) is prescribed as an elliptic rational function of the form:
where a, b, c, k, ω, φ are unknown constants. Substituting Eq. (8) into Eq. (6) and using the elliptic balance method, we obtain:
This Eq. (9) holds for all time t, if and only if, each of its coefficient terms vanish i.e.
Then, the modulus k and the frequency ω of the elliptic function are given by the following equations:
From the initial conditions given by Eq. (7) and by using Eq. (8), we have that φ = 0 and
To obtain b, we multiply Eq. (11) by c and add this to Eq. (12) and after solving for b, we get
Then, we add Eqs. (11) and (13) 
Notice that Eq. (18) is a twenty-third order polynomial equation for the constant a. However, to have real values for the modulus k and the frequency ω of the Jacobi elliptic function, we only need to use the following sixth-order polynomial equation to determine the value of a i.e.: 
According to our derived exact solution of Eq. (6), which has not been previously explored in the present context, it is evident that the higher elliptic terms in Eq. (8) have small amplitudes relative to the leading terms. In other words, the condition |b| > |a| > |c| is satisfied. The same conclusion holds for the exact solution of Eq. (4) [12] . These conditions agree well with those of the harmonic balance method [6] . Once the constants a, b, c, k, ω are found by using Eqs. (14)- (19), we may compute the corresponding exact period of oscillation T of the Duffing oscillator (6) which is given by
Since elliptic rational forms provide the exact solution to some nonlinear oscillators i.e., those given by Eqs. (4) and (6) [12, 15] , it is clear that by considering approximate solutions based on rational elliptic forms, we could get approximate expressions with a high degree of accuracy. In the next section, we shall investigate the approximate solution of two nonlinear oscillators by applying the rational elliptic balance method.
Approximate solutions of two nonlinear oscillators
In our study, we first derive the solution of a nonlinear singular oscillator that describes the path x of the electrons in plasma physics [16, 17] and show how our proposed rational elliptic balance solution provides a high degree of accuracy when compared to the exact angular frequency value. Then, we explore the solution of a nonlinear oscillator in which the restoring force has a rational-like form.
Nonlinear singular oscillator
Here, we obtain the approximate analytical solution of the following nonlinear singular oscillator
where x describes the path of the electrons in plasma physics and the parameter ε in Eq. (21) does not need not to be small i.e., 0 < ε < ∞. Next, we assume that the approximate analytical solution to Eq. (21) is of the form
where a, b, k 22 , φ, and ω 22 are constants that need to be determined. Substituting Eq. (22) 
Using the transformation cos ϕ 2 = cn (ω 22 t + φ, k 
Setting the coefficients of the constant terms and the coefficients of cos 2ϕ 2 to zero provides the following expressions for k 22 and ω 22 :
By considering the initial conditions given by Eq. (7), we have from Eq. (22) that φ = 0 and
The remaining equation needed to determine the constant a of Eq. (22) 
This is an eighth-order polynomial equation that has the following roots: 
This polynomial equation (30) has the roots: a = x 10 (9.5987 ± 8.7306i); a = x 10 (0.068 ± 0.8911); a = 1.3759x 10 ; a = −1.0415x 10 ; a = 0.332x 10 .
We have three real roots for a but only the root a = 1.3759x 10 satisfies the condition |a| > |b| [11] . By taking a = 1.3759x 10 , we can compute from Eqs. (25)- (27) the values of the constant parameters b, k 22 , and ω 22 :
With these parameter values, we next use Eq. (20) to compute the analytical approximate circular frequency Ω 22 from the following equation
This frequency value is 0.0247% bigger than the exact angular frequency value
determined by Mickens in [18] . The percentage error of 0.0247% is significantly lower than the error of 1.6% obtained by Ramos in [19] , 1.275% obtained by Beléndez et al. in [20] , or 0.4% obtained by Belendez et al. in [21] . This result shows that our proposed rational Jacobi elliptic form (22) provides the best analytical estimate value when compared to the exact angular frequency given by Eq. (34). To further investigate on applicability of rational Jacobi elliptic forms to solve nonlinear differential equations, we shall next derive the analytical solution of a Duffing nonlinear oscillator.
Non-homogenous Duffing oscillator: first-order elliptic rational form solution
Here we consider the nonlinear Duffing oscillator of the form
and use the rational Jacobi elliptic form (8) to find its approximate solution. In this case, x represents motion displacement and ε, A, B, and C are system constant parameters. Physical applications as well as approximate solutions of Eq. (35) when C ≡ 0 by using several techniques may be found in [22, 23] and works cited therein.
For the non-homogeneous nonlinear oscillator considered in this study (35) and in accordance with the rational elliptic balance method, we assume that its solution is given by Eq. (8) . Then, substitution of Eq. (8) into Eq. (35) provides the following expression:
× (c(5Bc
As usual, we use the Jacobi amplitude function ϕ of argument ωt + φ, ϕ = am(ω 1 t + φ, k 2 ) so that cos ϕ = cn (ωt + φ, k 2 ). Thus, substituting the Jacobi amplitude function ϕ into Eq. (36) leads to 2(8a
By using the initial conditions (7) and by setting the coefficients of the constant term, cos ϕ, cos 2ϕ and cos 3ϕ equal to zero in Eq. (37), we obtain the relations that are needed to determine the parameters a, b, c, k, ω and ϕ of Eq. (8): 
5(Bc
Also, from Eqs. (7) and (8), we have that
Then, using Eqs. (38) and (39) and solving for k and ω, yields the following expressions
where the expression of H 1 , H 2 , and H 3 are given in Appendix.
To find the constants a and c, we substitute the expression of k and ω given by Eq. (43) into Eqs. (40) and (41). Hence, for each choice of ε, A, B and C , the constants a and c can be found by numerical solution of Eqs. (40) and (41). During the numerical solution processes, it is important to bear in mind that the rational elliptic balance procedure requires to satisfy the following condition |b| > |a| > |c| in order to have periodic response.
To further investigate alternative rational elliptic expressions to improve the accuracy of approximate solutions to Eq. (35), we study in the next section a second-order rational elliptic form solution.
Non-homogeneous Duffing oscillator: second-order elliptic rational form solution
We now seek the approximate solution of Eq. (35) by using the following second-order rational elliptic form
where a, b, c, k 2 , φ, and ω 2 are constants that need to be determined. According to the rational elliptic balance method, we substitute Eq. (44) into Eq. (35), this yields
Then we apply the transformation cos ϕ 2 = cn (ω 2 t + φ, k 
2 (3c(8
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Next we set in Eq. (46) the coefficients of the two lowest harmonic terms equal to zero to obtain the following expressions for k 2 and ω 2 :
where the expressions of H 4 , H 5 , H 6 and H 7 are given in Appendix. From the initial conditions (7), we have from Eq. (44) that φ = 0 and
The remaining equations needed to determine the constants a and c of Eq. (44) are obtained by setting the coefficients of the harmonic terms cos 2ϕ and cos 3ϕ equal to zero. This provides the following two equations:
6acA ( 
Then, substitution of the expressions of k 2 , ω 2 , and b given by Eqs. (47) and (48) respectively, into Eqs. (49) and (50) and by numerically solving these equations, we obtain the values of a and c that satisfy the condition |b| > |a| > |c| [6] .
Results
To assess the accuracy of our rational Jacobi elliptic solution forms used to determine analytical solutions of the Duffing nonlinear oscillator given by Eq. (35), we first derive the second-order harmonic balance solution of Eq. (35) and then, we determine the exact angular frequency value from energy considerations.
Second-order harmonic balance solution
Here, we derive the approximate solution of Eq. (35) by applying the rational harmonic balance method by assuming a second-order solution of the form [7, 9] :
where a B , b B , c B , and ω B need to be determined. Substituting Eq. (51) into Eq. (35), expanding the resulting expression in a trigonometric series and by setting the constant terms and the coefficients of cos ω B t and cos 2ω B t to zero, respectively, yields the following equations:
By taking into account the initial conditions given by Eq. (7), we get: 
Exact angular frequency
To find the exact angular frequency of Eq. (35), we follow Radhakrishnan et al. procedure [24] to get from Eq. (35) that
where ω ex is the exact angular frequency of the nonlinear oscillator and
where the value of x i is determined by solving the following equatioṅ
To compute the approximate analytical angular frequencies' values for the first and second-order solutions given by Eqs.
(8) and (44) respectively, we recall that the Jacobi elliptic function cn (ωt, k 2 ) has a period in ωt equal to 4K (k 2 ) and thus, the approximate period of oscillation of Eq. (35) can be determined by using Eq. (20) . Thus, the corresponding circular frequency Ω of the first-order solution of Eq. (35) can be computed from
Similarly, the second-order approximate angular frequency of Eq. (35) is given by
where k 2 and ω 2 are determined from Eq. (46). 
Simulations
In this section, we compare the exact angular frequency values obtained by integrating Eq. (56) with the approximate angular frequencies ω B , Ω, Ω 2 computed from our derived elliptic and harmonic solutions and with the angular frequency value Ω H obtained by following Hashim and Chowdhury Multistage Homotopy-Peturbation Method (MHPM) [25] .
As we may see from Table 1 and for the assigned parameter values shown there, our expressions for the approximate angular frequencies computed by the elliptic balance procedure compare favorably to the exact value. In fact, under these conditions the percentage error of the first-order rational elliptic angular frequency solution Ω when compared to the exact angular frequency values ω ex is less than 0.36%, while the second-order rational elliptic angular frequency Ω 2 solution has smaller percentage errors that do not exceed 0.22%, compared to the 1.56% error obtained from the second-order harmonic balance solution or from the 1.65% error predicted from the Multistage Homotopy-Peturbation approximate solution. Fig. 1 shows the comparison of the elliptic, harmonic and numerical solutions for parameter values of A = 1, B = 0.5, C 1 = 5, ε = 10, x 10 = 1. We may see from Fig. 1 that the elliptic balance solutions follow very closely the numerical solution while the second-order harmonic balance solution starts to deviate from the numerical one at values of t 10. In general, and for the parameter values show in Table 1 , we may conclude that the derived elliptic balance solutions are more accurate than those of the second-order harmonic balance solution and compare favorably with the predicted values obtained from the Multistage Homotopy-Peturbation solution. Also, we may see from Table 1 that for larger values of x 10 the elliptic, harmonic and MHPM approximate angular frequency values are almost the same. As expected, the condition |b| > |a| > |c| for the elliptic and harmonic solutions is satisfied in all cases studied here as shown in Table 2 .
Discussion
In this paper, we have introduced a new approach based on rational elliptic forms to obtain analytical approximate solutions to strong nonlinear oscillators described by Eqs. (21) and (35). The main motivation for the use of rational elliptic forms to seek the solution of nonlinear oscillators comes from the fact that (a) the quadratic mixed-parity Helmholtz-Duffing oscillator [12] and (b) the undamped nonhomogeneous Duffing equation (6) have exact solutions described by rational elliptic forms. For instance, if one wants to seek the solution of a nonlinear oscillator of the form (1) that satisfies the initial conditions given by Eq. (2), a first-order rational expression of the form:
could be used. To obtain the second-order approximate solution of Eq. (1), we can use the rational elliptic form
or the following equation
to obtain the analytical solution of a singular oscillator described by Eq. (21) . Of course, the condition |b| > |a| > |c| for Eqs. (61) and (62), and |a| > |b| in Eq. (63) must be satisfied to have periodic response solutions [6] . Also, notice from Eqs.
(24), (37) and (46) that these rational elliptic forms provide information on all the harmonics since Jacobi elliptic functions are a generalization of the trigonometric ones. Furthermore, our derived first-order elliptic balance approximate solution 
Conclusions
A rational elliptic balance method was adapted to obtain exact and approximate solutions of nonlinear oscillators. In reference to angular frequency values, when comparing our approximate rational elliptic balance solution results with both the numerical integration and the Multistage Homotopy Perturbation Method, we found good agreement in most cases.
It should be noted that the proposed rational elliptic balance method has some limitations. The inappropriate application of this method can lead to large errors in the solution. The correct form of the rational solution should be used, as described by Mickens in [26] . Future work is focused on applying rational elliptic forms to investigate approximate solutions of forced, damped nonlinear systems with one or more degrees of freedom with preliminary and encouraging results.
